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Abstract
We consider the influence of planar “magnetic” imperfections which destroy
the local magnetic order, such as Zn impurities or Cu2+ vacancies, on the
low temperature properties of the cuprate superconductors. In the unitary
limit, at low temperatures, for a dx2−y2 pairing state such imperfections pro-
duce low energy quasiparticles with an anistropic spectrum in the vicinity
of the nodes. We find that for the La2−xSrxCuO4 system, one is in the
quasi-one-dimensional regime of quasiparticle scattering, discussed recently
by Altshuler, Balatsky, and Rosengren, for impurity concentrations in excess
of ∼ 0.16% whereas YBCO7 appears likely to be in the true 2D scattering
regime for Zn concentrations less than 1.6%. We show the neutron scatter-
1
ing results of Mason et al. [7] on La1.86Sr0.14CuO4 provide strong evidence
for “dirty d-wave” superconductivity in their samples. We obtain simple ex-
pressions for the dynamic spin susceptibility and 63Cu spin-lattice relaxation
time, 63T1, in the superconducting state.
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A number of recent experiments on the cuprate superconductors support the dx2−y2
pairing state predicted in spin-fluctuation exchange models [1,2] as well as in Hubbard
models [3] of this strongly correlated electron system. For this pairing state, impurities act
as pair-breakers, producing a finite lifetime for quasiparticles near the nodes in the gap,
and a finite density of states at low energy [4]. As a result the measured low temperature
properties of, for example, YBCO7 [5], BiSrCaCO [6], and La1.86Sr0.14CuO4 [7], display a
remarkable sensitivity to the presence of impurities.
Recently the role of imperfections in the d-wave superconductor has been considered
by Lee [8] and Hirschfeld and Goldenfeld (hereafter LHG) [9] and subsequently by others
[10,11]. Zn impurities, which are believed to scatter at the unitary limit [11], produce a
finite quasiparticle scattering rate, γ = −ImΣ(ω → 0), and a finite density of states, NLHG,
at low energy in superconducting state:
γLHG ≃ ∆0
√
Γ/∆0 = Γ
√
∆0/Γ. (1)
NLHG(ω → 0)/N0 ≃
√
Γ/∆0 ∼ n1/2i . (2)
Here we use standard notation: ∆0 is the amplitude of the gap, N0 is the density of
states at the Fermi surface, ni is the density of impurities, and
Γ ≃ ni ǫF
π
(3)
is the impurity induced scattering rate in the normal state. The low energy quasiparticle
scattering leads to experimentally observed consequences in the impurity dominated low
temperature region, T ≤ T ∗ ≃ γLHG ≃ ∆0
√
Γ/∆0. All these results were obtained in the
assumption that the impurity is well screened and the effective range of the potential is
“zero”.
On the other hand Rosengren, Altshuler and one of the authors (hereafter ABR) [12]
pointed out the possibility of a new scattering regime for a finite range impurity potential
in the unitary limit, which they called the quasi-one-dimensional(hereafter Q1D) regime. In
this regime quasiparticle dispersion along the Fermi surface is negligible compared to the
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scattering rate. Attention was called to the possibility of finite range impurity potentials
by Monthoux and Pines [11], who pointed out that for cuprates with substantial antiferro-
magnetic correlations, any impurity (such as Zn) which destroys the local magnetic order,
will possess a range comparable to the antiferromagnetic correlation length, ξAFM ∼ 2− 8a.
Since the cuprates have a comparatively short superconducting coherence length, ξ ∼ 20A˚,
this implies that for some systems the impurity potential will have a range comparable with
the superconducting scale. For such a nonzero impurity potential range, λ, ABR found a
new parameter α = vF
γλ
∆0
ǫF
which measures the ratio of the energy dispersion of a quasipar-
ticle at the momentum cut-off, λ−1, to the scattering rate γ. For a “zero”-range potential,
α >> 1, and one recovers the standard unitary scattering results [8–10], while for α ≤ 1,
one is in the quasi-one dimensional regime, with
γABR ≃ Γπ
2
8
λ
a
∼ T ∗ABR. (4)
As a result, both the temperature T ∗ABR ∼ γABR, which defines the impurity-dominated
low temperature regime, and the impurity induced density of states, NABR, vary with the
impurity concentration, rather than with
√
ni, as in LHG theory. Specifically, one has:
NABR/N0 ∼ γ/∆0 ∼ π
8
(Γ/∆0)(λ/a) ∼ ni. (5)
In the present communication we examine the applicability of the two approaches to
specific experimental situations. For a small concentration of Zn impurities we conclude
that YBCO7 is likely an LHG dirty d-wave superconductor, while a natural explanation of
the neutron scattering results by Mason et.al. [7] on La1.86Sr0.14CuO4 in the superconducting
state may be found by applying ABR theory to the comparatively large single crystal used
in their experiment.
To decide about applicability of LHG (2D) vs ABR (Q1D) regime for impurity scattering
in different cuprate systems we consider the ratio
γABR
γLHG
≃
(
Γ
∆0
)1/2 π2
16
ξAFM
a
(6)
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where we have assumed that λ ∼ ξAFM/2, so that near Tc, λ ≃ a for YBCO7 and λ = 4a for
La1.86Sr0.14CuO4. Without calculation it is obvious that in the limit ni → 0 one is always
in the 2D regime. On introducing the impurity concentration, in units of 1%, n˜i, we find
specifically:
Γ = 10−2n˜i
ǫF
π
≃ 3n˜i meV (7)
With ∆0 ≃ 12meV for La1.86Sr0.14CuO4 (assuming ∆0 = 4Tc) and ∆0 ≃ 25meV for YBCO7
we find :
γABR
γLHG
|Y BCO7 ≃ 0.4 n˜
1
2
i
γABR
γLHG
|La0.85Sr0.15CO4 ≃ 2.5 n˜
1
2
i (8)
for ξAFM ∼ 2(8)a for YBCO7 (La1.86Sr0.14CuO4 ). Hence any concentration of imperfections
which change local magnetic order in excess of .16 %, will put La1.86Sr0.14CuO4 in the ABR
column. On the other hand, for YBCO7, if λ ∼ ξAFM ∼ 2a the concentration required to
produce the ABR regime is ∼ 1.6%. We caution the reader that these estimates are based
on numerical factors which are subject to change.
The main reason for such a difference in the concentration of imperfections required to
induce the ABR regime is that ξAFM for La1.86Sr0.14CuO4 is much larger than for YBCO7,
while the gap amplitude ∆0 is smaller. The parameter α =
vF
γλ
∆0
ǫF
is thus much smaller for
La1.86Sr0.14CuO4, and it is this which generates the ABR regime at a significantly smaller
concentration of imperfections for this material.
We now turn to an analysis of the results for the inelastic neutron scattering experiments
of Mason et. al. [7] on La1.86Sr0.14CuO4, who found, in the normal state, four peaks at
positions Qδ = (π, π) ± δπ, 0); (π, π) ± δ(0, π), where δ = 0.245 in units of a−1. In the
superconducting state, Mason et.al. found, quite unexpectedly, that the intensity of each of
the four peaks diminished only slightly: at 4.2K it was only some 60% of its value just above
Tc. They also found that the intensity of scattering is suppressed “isotropically” in the sense
that for the momentum transfer Qγ = (π, π)± δ/2(π,−π) the intensity was suppressed by
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the same relative amount as for Qδ. We now show that this is just the behavior expected
for the ABR dirty d-wave superconductor.
Our basic assumption is that at low temperatures the scattering at both Qδ and Qγ,
wavevectors which are separated by δq ≃ 0.35(π/a), is dominated by contribution from the
nodal quasiparticles. Mason et. al. [7] assume that the Fermi surface for La1.86Sr0.14CuO4
is such that node-node scattering occurs at momentum transfer Qγ = (π, π) ± δ/2(π,−π).
From Eq (4) and Eq (7) we see that the impurity-induced level broadening of the nodal
quasiparticle states is given by
γABR ≃ 3
(
λ
a
)
n˜i ≃ 12n˜i meV (9a)
which produces a finite density of states within the node,
(NABR/No) ∼ γABR
∆o
∼ n˜i (9b)
.
The characteristic size in the momentum space of this impurity induced region is on the
scale of:
δq ∼ pFγ
∆0
∼ πn˜i/a (10)
Hence for an impurity concentration in excess of .3%, quasiparticle states both at Qγ and
Qδ are equally affected by impurity induced broadening. This effect naturally explains
the “isotropic” suppression of neutron scattering intensity [7]. We expect the quasiparti-
cle broadening to be anisotropic due to the anisotropy of the spectrum, with the greatest
broadening occurring within a region δq along the Fermi surface, rather than perpendicular
to it.
At low energy transfer, the scattering intensity at each peak in the normal state may be
expressed in the form introduced by Millis, Monien and Pines [13]:
χ”Qδ
(
ω
ωSF
)
≡ (χQδ/χ˜Qδ)2 χ˜”Qδ(ω) (11)
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where χQδ is the static spin susceptibility, ωSF is the energy of the low frequency relaxational
mode associated with the strong antiferromagnetic correlations,
ωSF =
Γ˜Qδ χ˜Qδ
χQδ
(12)
and χ˜Qδ , Γ˜Qδ are the static irreducible unenhanced spin susceptibility and characteristic
energy respectively, defined by the imaginary part of the irreducible dynamic susceptibility:
χ˜”Qδ(ω) = χ˜Qδω/Γ˜Qδ (13)
Mason et. al. [14] find that χQδ ≃ 200 states/eV and ωSF ≃ 5 meV at T = 35K,
just above the superconducting transition temperature. On the assumption that Qδ repre-
sents a momentum transfer relevant in the impurity dominated region, we can write in the
superconducting state:
χ”sQδ(ω) = (χQδ/χ˜Qδ)
2 χ˜”ABR(Qδ, ω) (14)
where χ”ABR(Qδ, ω) is the contribution to the dynamical susceptibility from the impurity
broadened quasiparticles,
χ˜”ABR(Qδ, ω) = (χ˜Qδ/Γ˜Qδ)(NABR(0)/N0) ω ≃ (γ/∆0) (χ˜Qδ/Γ˜Qδ) ω (15)
In writing Eq (14) we have made the assumption that the antiferromagnetic correlations
in the superconducting state are little changed from their value near Tc. This ansatz is
consistent with the fits to the NMR experiments in the superconducting state [15] and with
the microscopic calculations of Monthoux and Scalapino and Pao and Bickers [16].
On comparing Eq (15) and Eq (11) we find that the results of Mason et.al. can be
explained, provided the impurity-induced density of states is reduced by some 77% from its
normal state value,
NABR
N0
=
γ
∆0
= 0.77 (16)
Such a value appears quite reasonable. Taking ∆0 ∼ 12 meV , we find γ ≃ 9 meV . This
is a value of the scattering rate which, according to Eq (9a), is generated with only a 0.6%
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level of magnetic imperfections which scatter at the unitary limit. Given the fact that the
neutron scattering experiments are done on large samples this estimate appears physically
reasonable.
We consider briefly the influence of impurities on the Knight shift and 63Cu spin-lattice
relaxation rate. For the Knight shift, taking Fermi liquid corrections into account, one has,
below T ∗,
63Ks(T )
63Ks(Tc)
= (1− F a0 )
Nimp(0)
N0
(17)
where F a0 is the Fermi liquid parameter (∼ 1/2 for YBCO7, smaller for spin gap materials)
at Tc. This result is applicable in either the ABR or LHG limit. The spin-lattice relaxation
rate in the normal state is:
63(T1T )
−1 =
α∑
q
Fq
χ”(q, ω)
ω
≃ Fα χQ
ξ2ωSF
(18)
for long correlation lengths, ξ; here F αq and Fα are the
63Cu form factor and corresponding
constant which depend on the orientation of the applied magnetic field. In the superconduct-
ing state, below T ∗, on substituting Eq.(15) into Eq. (18) and carrying out the momentum
sums, we obtain,
63(T1T )
−1
imp
(63T1(Tc)Tc)−1
=
(
Nimp(0)
N0
)
(19)
These results, which are valid whether one is in the LHG or ABR regime, appear capable
of providing a quantitative account of the results of Ishida et al. [5] for the influence of Zn
impurities on the 63Cu Knight shift in Y Ba2Cu3O7, and of Ishida et al. [6] and Takigawa [6]
for the low temperature behavior of both the 63Cu Knight shift and spin lattice relaxation
rate in BSrCCO.
Conclusion We compared the isotropic unitary scattering regime (LHG) with the strongly
anisotropic scattering in ABR regime, and show that γABR
γLHG
∼
√
Nimp. At small impurity
concentration the scattering is always in the LHG regime. This is the limit realized in pure
and lightly Zn doped YBCO7 . For the La-based materials we find that at ni ≥ 0.16%
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one is always in the ABR scattering regime. Strong nodal quasiparticle level broadening,
characteristic of ABR regime, occurs in a substantial part of the momentum space δq/pF ≃
γABR/∆0. This provides a natural explanation of the “isotropic” suppression of neutron
scattering intensity in La1.86Sr0.14CuO4 below Tc. We find that our inferred quasiparticle
broadening, γ ≃ 9 meV , will require about 0.75% of imperfections which destroy the local
magnetic order. Such concentrations of imperfections which destroy the local magnetic order
appear plausible for the large samples required to carry out neutron experiments.
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